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Abstract 

An arc-coloured digraph D is said to be rainbow connected if for 


every two vertices u and v there is an nr-path all whose arcs have 
different colours. The minimun number of colours required to make the 
digraph rainbow connected is called the rainbow connection number of 
D, denoted rc(iJ). In [1] it was showed that if T is a strong tournament 
with n > 5 vertices, then 2 < rc(T) < n — 1; and that for every n and 
k such that 3 < A: < n — 1, there exists a tournament T on n vertices 
such that rc(T) = k. 

In this note it is showed that for any n > 6, there is a tournament 
T of n vertices such that rc (T) = 2. 

1 Introduction 

Chartrand, Johns, McKeon and Zhang introduced in |2] the concept of rain¬ 
bow connection in graphs, and since then such topic has been broadly studied, 
see j5] for a survey on the matter. The rainbow connection for digraphs was 
hrst presented by Dorbec, Schiermeyer, Sidorowicz and Sopena in j^. 

A tournament is a digraph where every two vertices has exactly one arc 
joining them. Let p be an arc-colouring on a digraph D, a (directed) path in 
D is called a rainbow if it has no two arcs sharing the same colour. If there is a 
rainbow between every pair of vertices, then the digraph is rainbow connected 
and p is called a rainbow colouring. The rainbow connection number of a 
digraph D, denoted by tc{D), is dehned as the smallest number of colours 
such that D admits a rainbow colouring. 

In |3] the following two theorems were proven: 
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Theorem 1 (Dorbec et al. 13)- If T is a strong tournament with n > 5 
vertices, then 2 < rc(T) < n — 1. 

Theorem 2 (Dorbec et al. HI)- For every n and k such that 3 < k < n — 1, 
there exists a tournament T on n vertices such that tc{T) = k. 

Also, in |3], it is showed that for each n = 8 mod 12 there is a tournament 
T of order n and tc{T) = 2. 

In this note it is showed that for every n > 6 there is a tournament T of 
order n and tc{T) = 2. 

2 The tournaments 

When n = 4, 5 it is easy to verihed that tc{T) > 3 for each tournament 
T on n vertices. For an integer n > 2 and a set S C {1, 2,..., n — 1}, the 
circulant digraph C'„(S') is dehned as the digraph with vertex set V(Cn(S)) = 
{no, vi,..., Vn-i} and arc set A(C'„(S')) = {(n*, vj) j j - i ^ s, s e S'}. 

Theorem 3. For every n > 6, there is a tournament T of order n with 

rc(r) = 2. 


Proof. For n = 6, let T be the hrst tournament in Figure [U Now, for 
n = 2k + 1, with k > 3, let T = C' 2 fc+i(l, 2,4,..., 2{k — 1)) and consider the 
partition of A{T) into the sets 

Ao = {{Uo,Ui),{Uo,U2),{Ui,U2k-l)} 

u({(m^, Us)\r = 0 mod 2, r > 2} \ {(^ 2 , U 2 k)}) 

and Al = A{T) \ Aq. Now, let p be the coloring where p{a) = Hf a G A* for 
i = 0,1. We will show that there is a rainbow njUj-path for 0 < z < n — 1 
and i = z + 3, z + 5,..., z + 2/c — 1, z + 2k, and the result will follow. 
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Figure 1; Tournaments on n vertices with rc(Tji) = 2 where n = 6,7, 8. 

For each i with 3 < i < 2/c — 1 let consider the paths 

{ UiUi^iUr for r = 3, 5,..., 2A: — 1; 

2’^i+2fc) 

and for the vertex U 2 k consider the paths U 2 kUiU 2 , U 2 kU 2 k- 3 U 2 k-i and for 
r = 5, 7,... 2A: — 1 let U 2 kUoUr. 

For i G {1,2} consider the paths UiUi+iUi+r for r = 3, 5,... 2/c — 3; and 
the paths UiU 2 k-lU 2 k, UiU 2 k-lUo, U 2 U 2 kUo, U 2 U 2 kUl. 
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Finally, for the vertex let consider the paths 


{ U0U1U3 

UQUr-iUr for r = 5, 7,... 2A; — 1 ; 
UoU2k-2U2k- 


By the dehnition of p, it is not hard to see that all these paths are rainbow 
paths and therefore rc(T) = 2. 

For the case n = 2k > 8, let consider the tournament T obtained by 
adding a new vertex v to C' 2 fc-i(l, 2,4,, 2{k — 2)) such that (n, Ut) G A(T) 
if and only if i is even. Let colouring the arcs of T by extending the coloring 
P of C' 2 fc-i(l, 2,4,..., 2{k — 2)) described above and given color 1 to all the 
new arcs. Consider the paths nUjUj+i for i + 1 odd; UiUi^iV for i even, i 7 ^ 2k] 
and U 2 kUiv. By construction all these paths are rainbow paths, therefore 
rc(r) = 2. □ 

Finally, combining Theorems [2] and [3] we have 

Theorem 4. For every n > 6 and every k such that 2 < k < n — 1, there 
exists a tournament T on n vertices such that rc(T) = k. □ 
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